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NON-LINEAR BEHAVIGF OF
FIBER COMPOSITE LAMINATES

by Zvi dashin, Debal Bagchi and B. Walter Rosen
Materianls Sciences Corporazion

SUMMARY .

The non-linear stress-strain behavior of fiber composite
laminates has been analyzed tc define the relationship betwzen
laminate behavior and the norn-linear stress-strain characteris-
+ics of unidirectional composites. The resulting analysis nas
been programmed to yield an efficient corputerized design and
analysis tool.

The approach utilized herein was to adopt a Ramberg-
0sgood representation of the non-linear stress-strain behavior
and to utilize deformation theory as an adequate representation
of the material nonlinearities. The problem was viewed on two
levels. First, the relationship between the constituent proper-
ties and the stress-strain response of a unidirectional fiber
composite material was studied. For this problem, the primary
attention was directed toward axial shear pehavior, and an ex-
pression was established relating the composite average-stress/
average-strain curve tc the fiber moduli and the matrix non-
linear stress-strain curve. Second level of approach is to treat
the interelationship retween the properties of the unidirectional
layers and those of the laminate. For this case, the starting
peint is a non-linear stress-strain curve for transverse
stress and for axial shear and a linear stress-strain relation
for stress in the fiber direction. The non-linear lamina
stress-strain curves can be modeled by proper selection of the
Ramberg-0sgood parameters. In the present stucy, with this as a
starting point, an interaction expressionr was formulated to ac-
count for simultaneous application of axial shear and transverse
stress.

A laminate having an arbitrary number of oriented layers
and subjected to a general state of membrane stress was treated.
Parametric results and comparison with experimental data and
prior theoretical results are preseated.
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A basic requirement for the engi iber
composite materials is a definition of the stiffness and strength
cf tiese materials under a variety of loading conditions, includ-
irng caseg for which experimental materials properties data are
rot available. For this purpose, it is necessary that he have at
nis disposal reasonably accurate procedures to predict these
mechanical properties. Existing analyses can predict the elas-
tic behavior of a laminated composite guite well when the elas-
tic properties cof the unidirectional materials from which it
is made are known. However, the situation has been much more
complicated and much less satisfactory with regard to the in-
elastic stiffness and strencth of a laminate. The present pro-
gram was undertaken to develop a computerized analysis of the
inelastic behavior of fiber comuosite laminates which could be
used as a design tcol. The results of this study and compari-
sons of these results with experimental data are presented in
this report.

It is essential to recognize that the utilization of fiber
composite materails in structural design involives the incor-
poration cf materizl design into the structural design process.
This is illustrated clearly by the fact that the gross mate-
rial properties of a fiber composite laminate change when any
change is made in the laminate ply orientations. Even when
the desigrer consicers a material formed f£rom a particular com-
bination of fiber and matrix materials, there remains a large
number of geometric variables associated with the laminate de-
sign. Thus, in the preliminary desicn phase, experimental mate-
rial properties data will generally ke too limited. In the
case of elastic properties, sufficient capability to synthesize
the necessary properties exists. This procedure gencrally starts
with the definition of the elastic properties of unidirectional
fiber composite materials. These can, of course, be determined
experimentally. Also, when such data are not available, they
can be estimated using a variety of analytical technigues. These
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iatter are generally referred to &5 micromechanics analiy
For example, a sct of rclatively simple relations for predict-
ing the moduli of unidirecticnal reinfcrced composites are
presented in [l11. Alternate micromechanics approaches are
described in [2] to [4}. A review of these methods is pre-
sented in [5]. With these propertics available, it is assumed
that the individual laminae are homogenecus and anisotropic.

A laminate analysis is carried out in a straignt forward
fashion fellowing methods originally developed for such mate-
rials as plywood, and nore recently extended to the more
general cases associated with fiber composite laminates le.q.,
{6) to (8}]).

However, contemporary fiber composite materials gererally
consist of elastic brittle fibers such as glass, bcron orx
graphite in relatively soft matrix materials such as epoxy or
aluminum. For these matrix materials it is reasonable to an-
ticipate that at a certain loading state the matrix will begin
to exhibit inelastic effects. This results in non-linear re-
latiors between structural loads and deformations. These in-
elastic effects can, »f course, be expected to have a signifi-
cant effect upon failure of the laminate. It is quite clear
that adequate definition of these failure conditions are
essential to achieve structural designs of high reliability.

In the present study, a non-iinear laminate analysis has
been develcped which can provide realistic assessments of the
stresses and strains in the various laminae and of the inelas-
tic stiffnesses of the laminate at any stress level. This in-
formation can be used for assessment of such effects as struc-
tural stability or structural stress distributions. The stress
distributions in the laminae and the laminates can also be
utilized for the development of more realistic failure criteria.

Inelastic matrix behavior can be classified broadly as
either time deperdent or time independent. Time dependent be-
havior is callec =n2oelastic if linear and creep if non-linear.
Polymeric matrices ich as epoxy do exkibit such behavior. In
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the case of metallic matrix materials, such as aluminum, time
dependent effects are generally neglicible unless elevated
temperature conditions are considered. The present study is
coacerred with time independent non-linear matrix behavior
wnica is of significance for both polymeric and metallic matri-
ces. Throughout this paper tae expression “inclastic" is used
to descrive this time indeperndent mechanical pehavior. Tne
method of approacih tc these problems is sinilar to that cf tre
e.astic analysis. Thus, i is necessary to determine, first,
the inelastic properties .. the unidirectional fiber comzesite
raterials. This can pe done experimentally or by micrcmecnan~
ics methods. Given this information, a method to deternire
stresses and strains in an irnelastic lamirnate is then devisec.
The problem is complicated by the fact taat the inelastic
stregs~strain relations are non-linear.

A limited number of pertinent investigations can be found
in the literature. nrill [4]) considered, in acproxinate
fashaion, a limited aspect of inelastic behavior of a uniaxially
reinforced material: the case of stress in fiber direction
combinad with isotropic transverse stress. Petit and waddours
(6] devised an incremental method for laminate analysis in
which it was assumed that in sincle laminae there is no inter-
action of stress components in different directions as far as
lamina deformation is concerned. This assumption is restric-
tive, and also their incremental laminate analysis scheme is
unduly complicated. Adams {7 used a finite element technigue
for numerical arnalysis of unidirecticnal materials in the form
of periodic fiber arrays under conditions of plane strain.
Huang [8] gave an approximate analysis for tranaverse inelas-
tic behavior for a2 unidirectional material in pliane strain,
but it is diffucult to assess the validity of the approxima-
tions introduced.

4 detailed analysis of the inelastic laminate problerm
has been given by Foye and Baker [9]. Using finite element
methods, they computed the inelastic effective properties of
unidirectional rectancular and sguare arrays of elastic fibers
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in ineiastic matrix. These properties were thien used in an
inelastic laminate analysis. The analysis is based on
incremantal plasticity theory and is, unfortunately, very
complicated and requires a great deal of computer time. The
results obtained are, however, of great importance for com-
parison with results predicted by more simplified theories,
such as the one which will be given in the present work.

The bedy of this report is divided into four major sec-
<ions. In the £irst, consideration is given to the behavior
of unidirectional fiber cormposite materials. This requires:

a definition of the appropriate form of the inelastic stress-
strain relations: some consideration of the relationship be-
tween composite properties and constituent properties; and a
definition of the appropriate form of the interaction between
various stress components. The basic objective in this phase
of the report was to define appropriate constitutive relations
for the individual lamina which can be used in the non-linear
laminate analysis. Further, there is a desire tc gain some
insight into the influence of the particular constituent
properties upon the lamina stress-strain relations. 1In this
phase of the study, it is found useful to characterize the
unidirectional material with the aid of Ramberg-Osgood stress-
strain relations.

In the next section of the report, the analysis of the
inelastic behavior of laminates is described. Here, a pro-
cedure for incorporating tne non-linear constitutive relatiorns
into an analysis which defines the state of stress in the in-
dividual laminae under an arbitrary set of external loads,
is defined. Analyses are developed for the case of symetric
laminates subjected to membrane loading. The equaticns which
are Jdeveloped uniguely define the desired laminate internal
average stress distribution under a given set of membrane loads.
Governing equations, however, are non-linear and require numeri-
cal solution procedures. An efficient algorithm has been de-~
fined which enables computer solution to be achieved for arbitrary
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laminates at minimal cost. The solution is obtained by appli-
cation of the Newton-Raphson method.

In the final section, the computerized analysis which has
been devcloped is appiied to series of prcblems. The first
group presents comparisens with ‘various analvtical results from
the more complex analyses of Ref. [6 and (9). The second group
of numerical results prasents compariscns between theoretical
results from the present model and available experimental data.
The third group of results provides several parametric studies
to gair insigh+ into those factors which contribute signifi-
cantly to the non-linear behavior of fiber composite laminates.
Alsy, computations have beern made to provide a prelininary
assessment of combined load effects including comparisons with
limited experimental data.

Details of the various analytical developements, as well
as descriptions of the computer program, are presented in
appendices to the report.

The principal result of the present program is a computer
program which provides a simple encineering tool which can be
used for the parametric study of the influence of rmaterial prop-
erties upon laminate performance. CThis laminate analiysis capa-
bility can be used by the structural designer to define design
allowable stresses and to aid ir the selection of fiber con-
posite materials for structural applications. A comparison of
the present results with the limited amount of available experi-
mental data shows good agreement. There are, however certain
cases in which the agreement is not good, par ticularly as the
laminate loading approaches failure. The results of tne present
analytical method agree well with the results foxr those prok-
lems for which more exact and more complex analytical resuits

exist.




2. NON-LINEAR STRESS-STRAIN RELATIONS OP UNIAXTIAL
FIBER REINFORCZD MATERIALS

2.1 Gereral Formw of Stregs-Strain Relations

An effective stress-strain relation of a comgosite mate-
rial is defined as a relation between average stress ;ij and
average strain E;ﬁ. Here and in the following latin indices

L.‘

range over 1, 2, and 3. 1If the composite is elastic the

gencral effective stress-strain relation takes the form

T o= C*, . ..
Vi3 anl Ka {2.1.1)

where Czjkl are the effective elastic moduli wkich are material
constants ard are thus independent of strese or strain. Thus,
(2.1.1) is a linear relation between 2verage stress and strain.

If the composite is subject to symmetries the form of
(2.1.1) simplifies. For a uniaxial FRM the most irportant
cases of symmetry are transverse isotropy, around fiber direc-
tion, and square array (sguare syminetry). In these cases the
stress-strain relaticns (2..,1! for transverse isotropy assume
the form:

Jy1: = C*,p €11 + CYyp €2, + C*y; £33

- = O% ra * = » T

S22 = C%, €, ¢+ C S, +CPy 2y,

Tyy = C*;3, €3; ~ C*¥;y 22: + C*2 €202

_ - 2.1.
Tz = 28% .. Lo ( 2)

23 = 2C%cs t2:
Cy1 = 2C*,, £3;
and

{2.1.3)
C*ss= (C*2,-C*;:)/2

In (2.1.2~3) 1 irndicates direction and 2, 2 per
tions transverse to 1.

In the event of inelastic matrix and elastic fibers, the
situation 1s much rmore complicated since the stress-strain




relation are nonlirearity and history dependent. In no case is
stress proportional to strain so that superposition of cffects
is not valid, and in order to determine currert strain it is
rot sufficient to know current stress but it is necessary %0
know precisely the variation of stress which preceded its cur-
rent value. Thus, for a material in a Kknown state of combined
shear and uniaxial tension, the state of strain is different
if: ({a) tension is first applied and then the shear, {b) shear
is first applied and then the tension- (<) tensior and shear
are acplied simultaneously. FYor +his reason stress-strain re-
lations must be presented in incremental form. That ig, strain

increment is related to stress and stress increment. Zhis com-
plicates matters enormously. However, it is xnown that in

the case of proportional loading, that is, all stresses at a
point grow simultaneously in a fixed ratio to one another,
incremental theory can be integrated into the much simpler
total or deformation theory for which current strain is com-

pletely determined by current stress.

Deformation theories have a wider range of validity than
proportional loading. Comparison of numerous detailed solutions
carried cut both incrementally and by much simpler deformation
theory show surprising agreenent ir raixy cases, and Budiansky
{10} nas shown that deformation theory can also be valigd fcr
"neighboring” loading pathns.

In the present work, we arc concerned with composites
which are subjected to scme external load. If it 1is supposec
that the various external load components Jrow oropertionally,
this does not necessariiy imply that the components of stress
at a typical in*-=rnal point also grow proportionally. It is,
however, felt that the manner of growth of these internal
scress components cannot deviate severely from proportional
loading if externai loading is proportional. Consequently,
deformation type stress-strain relatinns are assumed for the
matrix.

This assumption results in considerable simpli
It will be scen that it yields results which are e
8.




close to the ones oktained in [9! on the basis of the much
rmore complicated incremental theory.

I- is shown in Appendix A that for elastic fibers and
an irelastic matrixz described by deformation type theory, the
effective stress-strain relations for a transversely isotropic

Ccr sguare syrr.metric FRM are:

T1.=8 . Ty w8y 0.+ Sy Ty
T, 0= S.: Ty o+ Sz Si. o+ Sa. 7T
T33 = 8., Ty« 8:, Gz + 8, € (2.1.4)
€r; = 28., 3,
r: o= 2845 -
f,: = 280 ;.3
and
Sss= (Sz2:-8:23)/2 (2.1.5)

The coefficients 511' 512, etc. are the ecffective inelas-
tic compliances of the material ard are functions cf the aver-~

age stresses, or rather of certain invariants of the average

stress tensor.
We are here primarily concerned with thin uniaxially re-
inforcedé laminae which are in a state ¢f plare stress. Let

2
in lamineg plane, and X4 direction pergendiculaxr to lamina,

Xy denote fiber direction, x, direction transverse o fibers

Figure 1. Then the planc strass condition is expressed by:

-

(2.1.6)

23 = Ca13 =0

Egqus. {2.l1.4) then assume the form:

€21 = Sy T3 + Sy Co:
22 T Siz Gy Y Siz Tz




Note tnat 533 does nct vanish. It is however of no 1nterest
for prosaent purposes.
Tae inelastic cerpliances in (2.1.7) arc functic s cf

the stresses ‘3., 7,5 Tya-
It is convenient to split the strains in (2.1.7) int

_H
elasti:c strains Ear aré inclastic strains gt Thus:
> [

= T =" {2.1.8)
o Toal e a7

"
|
|

™

where here and in the following greex iniices range over 2, 2.
The elastic strains are recovered after unloading of the com-

posite and are related to the stresses by elastic stress-strain

relations. Thus:

-t - -
t1r = 854 3. v Sy 75
-t * - f -
222 = 8S1; 9., + S, Caz (2.1.9)
- ' -
W =284,1, Tz
waere , .

' .
Syy = %‘ $12 = ;ﬁ

coq : 2 (2.1.12)
Sz:2= -E- Suy = —

T “A

Here E_ is the effective Young's modulus in fiber direction,

v~ the associated effective Poisson's ration, E, - the effec-
tive Young's modulus transverse to fibers and GA - axial effec~

]

tive shear modulus, related to 1-2 shear.
The inelastLic, permanent, strains then have the fcrm:

- " - [ ] -
€:0 = 5, OJ1; 4+ S;: 8,2
- " - -
€22 = 54z & 11* S2: J2:2 (2.1. I
—” " -
L12 = 25&1. C’l;
where
“ - - - _ {2.1.12)
Sz3 - Szi (Giie J2240 <i2)

10.
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In order to further simplify the stress-strain relaticns
(2.1.11-.12), some specific fecatures of FRM will be taken into
account. In such materials, the fibcrs are by an order of mag-
nitude s:iffcr than the matrix (for the case of boron and/or
grazhite fiber in an epoxy matrix the ratio of fiber to matrix
Young's modulus can be in excess of 100). The stiffness ratio
becores larger in the inelastic range since the matrix loses
stiféness (i.e., flows) while the fibers retain their stiffness.
I+« 1s, therefcre, clear that the stress 511 in fiber direction
1s practically carried by the fiters alene, with insignificant
matrix contribution.

On the other hand, the transverse stress 522 and the ghear
stress C,, are primarily carried by the ma<rix with little
fiber contribution.

1t follows that ineclastic behavicr of the FRM is produced
primarily by 522 and 5,, while inelastic behavior for ;ll lcad

12
can be neglected.

assumctions:
-" -
(a) the inelastic strains €52 and £y, 3rE not functicns
of ¢
11

-
-

(b) the inelastic strain ¢ , always vanishes.

i
Cn the basis of these assumptions, the stress-ctrain re-
lations (2.1.11-.12) simplify to:

£;; = ¢
- " - - - (2.1.13)
€22 = S22 (Cz22, J:21 €.z
- ” - - -—
€12 = 2544 (C22, T312) Cl2
1i.




2.2 Plane Stress-Strain R2elaticons in Ramberg-0syond Fore

A convenicnt renresentation of nen-lirear one dimensional

ress-c-rain roiations has been given by Xambery and Oszood

r

[11}. For uniaxial stress, for example :
e = .__:. r= . < (_" \.'.'l“
E, ¢ o (2.2.1

" ~ !

- R N e e s ees Y
e kwd § vAebra Iy s

whers o, represents the elastic Young's mad

and n are three paramcters to be odtained by curve fitting. The
parameter ' is sometinmes called nominal yiceld stress. Z3ua-
tion (2.2.1) rep.esents 2 farily of curves with iritial slope
£y ané monotonically decreasing slope with increasing v. The
curves flatten out with increasing m (Fig. 2). Without loss
of generality (2.2.1) can be written in the form:

. C . 1 m=4i.
e=f- 1+ (5 i, (2.2.2)
- VY

which wili be used from now on. Similarly, a gtress~-strain

curve in shear can be represented in the form:

n-l] (2.2.3

~

v
whers G. is the elastic stear moculus.

It‘should be emphasized that (2.2.2-.3) are valid only for
one dimensional cases. The question of the generalization to
general states of stress arnd strain has no unigue answer. Cne
comron used form is isotropic J2 deforration theory [12].

wext, we consider the case of effective or macroscopic
stress-strain relations for the special case of a uniaxially
reinforced material in which the matrix in non-linear, with
stress-strain relations in Ramcerg-0sgood fcrm.

Consider, for example, the case of uniaxial average stress
522 in direction transverse to fibers, all other average stresses
vanish. It then follows from (2.1.7}) that:

E., = £, ((::z) 5 (2.2.4)

N oa
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similarly, if the only nonvanishing averags stress is EPY
the shear stress-strain relation of the composite is:

TL.o=25.. (312 T (2.2.5!

Evidentiy the inelastic c€ffcctive compliances 522 and

544 arc functions of the parameters of the inelastic Ramberg-
Csgood stross-strain relations of the matrix, ci the elastic
properties of the fibers ani of the internal geormetry of the
composite. Actual prediction is a very difficult problem. Such
problems will be cnsidered in limited fashion in the rext para-
gragh.

Just as matrix stress-strain relations are represented in
Ramberz-Osgood form, the same type of curve fitting can also
be applied for the effective stress-strain relatior of the
composite. 7Thus (2.2.2-.3) are written in the form:

35,

-
-

- 21 £ M-l
I e (a)

T Y
U TERNSUBRNE TR b (2.2.6)
12z \ ’ \'

2G, Ty (b}

wWhere ET is the effective transverse elastic Young's mcdulus

GA - effective axial elastic shear modulus and cy, Ty' M and
N are curve fitting varameters which are in general gquite
different from the corresponding Ramherg-0sgood matrix para-
meters.

A question of fundamental and of practical importance is
the form of the stress-strain relatioans for the case of plane
stress, taking into account interaction among the various stress
components. 1t should be noted in this repsect that (2.2.6)
are special stress-strain relations when 522 or 512 act oriy
by themselives.

It is recalled that eguations (2.1.13) represent the
inelastic parts of the strains for plane stress-strain re-

lations for FRM with stiff fibers. It is shcwn in Appendix B
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t«hat the Ramberg-Csgrod form of such plane stress-strain re-

lations 1s as folliows:

- "

ciy = 0 ot
" - = 2 3,,.2, L=

Th, o= ZiEor (T + (=] 2
22 I3 Yo, T

b4 {2.2.7)
J.2 ((gﬂ?)z . (i,;)zl -5
2G Y Y

A
The parameters E_, G 1., M, ¥ in (2.2.7) are those of

1
©T oA Ty' oy
the one dimensional stress-strain relations (2.2.6) which may

-

€12 =

be regarded as experimentally (or perhaps theoretically) known.

The :nelastic parts of the strains are given by (2.1.9-
.1C), and the total strains ars then given by adding equations
{2.2.7, and (2.1.9).

Eguations (2.2.7} have been compared with computed numeri-
cal results given in [9). Reasonable agreement was cbtained.
Comparisons for the interaction cases of transverse stress, 522,
versus transverse strain, Yy in the presence of axial shear
stress, J,,. and axial shear stress, 31+ versus axial shear
strain, ¥y1p¢ 2T€ shown in Figures 3 and 4 respectively (in botn
cases Jzz/”lz = 8/3). 1I% is seon that the agreement is fair
for transverse stress-strairn rzlations (Fig. 3) ard very good
for the shcar stress-strain rclations (Fig. 4).

Fizures 3 and 4 also show the stress-~strain relations ob-
tained from Egs. (2.2.7) for one cdirensional *ransverse tension

522, and axial shear, 7,,, respectively.

[oey




2.3 Axial Shear Stress~Strain Relation

This paragraph is concerned with the problem of predictiocn
of a one dimensional effective axial shear stress-strain re-
lation of a urniaxial FRM in terws of matrix and fiber properties
and the internal geometry of the composite.

The main rcason for concentrating on the axial shear prob-
lem is that the inelastic effect is predominant in axial shear
for which significant nonlinearity of the stress-strain responsec
is obtained (e.g., Figure 4). The effect in fiber direction is
practically non-existent as has indeed been assumed above, and
ig relatively small in transverse stress which is shown by the
small curvature of the stress-strain relation in this case
(e.g., Figure 3},

On the basis of all this, it can indeed be assumed as
first approximation that the ncnlinearity of the uniaxial FRM
is limited to axial shear alone.

Consider a uniaxially reinforced lamina which is subjected
to pure axial shear, Figure 5, on its surface. The boundary

conditions are:

x3=:t/2 CTaiy = S35 = T4 = )
5 a7
- _ 12.2.1)
x2=+b S T T, 322 2 Csa = 0
X, =z a Tz T %y Ty Jia = 0

It may be shown that under sucn load the only nonvanishing
average stress in the composite is:

(2.3.2)

£ At I m
& Lue L~

It would seem at first that, given the complexity o
ternal geometiry of the composgite, the state of stress at any

interior matrix or fiber point is generally three dimeasiocnal.
Surprisincly enough, however, this is not s5 and the only non-

vanishing stress components in the interior of the compesites

15,




are the shear stresses 912 and 137 which are morecover func-
tions of X5 and e only. Thus. the interior state of stress

is:
S, = Tz (XL X7
i ‘ 27 73 - -
(4;3..:)
513 = 53 (X X.
3 2: 31
C1y = 022 = C33 = J;3 = 2

The validity of equations {2.3.3) for the casc of an elastic

coaposite has been proved in [5). Their validity for the pre-

sent much more ceneral inelastic case will bLe shown elsewherze.
The eifective stress-strain relation of the corposite in

axiai shear is Zefined by:

38
A A (2.3.4)

where G: is the effective secant shear modulus of the mate-

rial. The nonlinearity of the stress-strain relatior. is ex-
pressec by the fact that Gi function of the aprlied stress.

It is seen that in order to detexmine Gi it is necessary
to compute the average shear strain iyy for given applied
shear stress. This is a formidable pro-len even with the
simplification {2.3.3) and we shall content ourselves with a
brief outline of its formulation. 7o simplify matters, the
fibers shall be assuned tD be ideally rigid reiative to the
matrix. This is8 a very accurate agsumption for the case of
Boron and Graphite Fibers. There is no difficulty to extend
the formulation to the case of non-rigid elastic fibers.

In view of (2.3.3) the problerm is two dimensional and
neec only be considered in a typical Xy Xy section. In the

matrix domain:

16.




~T ~ dc g 3 =0 (2.2.5a)
*X: dX g
- . a2 oy
- 32 NEL PO [ SIS |
T 1+ S ;
Yy
e . - ~ A S Al
_ 12 . n=a, PRI ad)
vy = o5 [l (—‘—1
&
‘g
. (2,25
= v, 2 -z
Tt ot T
c. o= 2 I 2.3.7a
‘ P4 oX;
.
c,, = = I ‘2.3.7b
<
oX:
. \
Ly, T u; X .} 12.3.8;
1 1 2! 73

and, u = 0 ¢t fiber/matrix interface.

Here egu. (2.3.3) is the only surviving equilibrium
eguaticn, (2.3.6) are Ramberg-0sgood stress-strxain relations
for isotropic J2 theory (2.3.7) are usual strain-Zisplace-

ment relations in which u, and ts do not enter since it may

ba shown taat they are noi functions of X, and {(2.3.8) ex-
presses the ideal rigidity of the fibers.

Bgqus. (2.3.5-,8) must be solved subject to boundary
condition (2.3.1). 1If this is done tha strairn €2 is Xnown
everywhere and can be averaged to obtain Gi from {(2.3.4).

The prcblem is exceedingly difficult because of the non-
lirearity introduced by the stress-strain relations (2.3.6).
There is very little hcpe to solve it analyctically for any
kind of fiber geometry. It shoulid therefore be handled by
numerical methods for fiber arrangements and fiber shapcs
of engineering interest.

Another way to approach an analytically intractable
problem such as the present one is by variatioral techniques.

17.




In this fashion, approximations or bowvnds for guartities
of interest are obtained by methods which are much simpler
than bonafide sclution of the problem. Such variational
methods have been extensively used for determinaticn of
effeccive elastic moduli of FRM (e.z., [3)}.

In the course of the present work, it has peen found that
variaticral methods can also be ased for inalastic problems
scch as the present one to obtain bounds oa ecffective secant
moduli. Tae main ingredients of the methol are:

{a) Construction of an extremur: principle in terms

of an encrgy integral such that the true energy
is the minimum of the integral.

(b) Expression of the true energy in terms of effec-
tive sccant modulus.

{c) Establishment of admissibie ficlds to obtain a
value of the enercy integral which is larger than
the true energy, thus obtaining a bound for Gi.

The work involves complicated developments and deriva-
tions which are given inr Appendix C, Here only the end restlt
for a lower bound on Gi will be given for a special gecmetry
of FRM which is known as composite cylinder assemblage. This
geometry has been described in detail in [1, 3] and consists
of an assemblace of composite cylinders of variable sizes
which are 3cined tcocgether so as to £i1l1 the whole volume of
the composite. In order to £ill the whole volume, compcsite
cylinders vary from fimite tc infinitesimal size. This geom-
etry has been used to advantage for elastic FRM to obtain
simple expressions for effective elastic moduli which are well
verified by experiment {1, 5]. In the present case only a
lower bound on G: has been obtained for the case in which the
exponent n in matrix stress-strain relations is n=3,

It has been found that with this exponent and proper
choice of ty, epoxy shear stress-strain relations can be well
described. 7The result for the lower bound is:

18.




+
G %—_—%
Gi > Gi,_) = = 33
o 1+ (Lay? QZ:EEZS_%;# (2.3.9)
- 3(1=c)
where
¢ - volume fraction of fibers
G - elastic (initial) matrix shear modulus

Ramberg-0scood matrix stress parameter, and

e

o applied shear stress.

It follows from {2.3.4) that:

< {(2.3.10)
- s
ZGI\ (-)

In other words, with the lower bound on G: an upper bound

on variation with To is obtained.

€
12
If (2.3.10) is explicitly written in terms of {2.3.9) it

assumes the form:

(2.3.11)

o g

L+ (;&)2 3*13Cﬁ£2+c3
T; 3{1l+c)

-

L8]
W]~
. 9|

.,,,
[e382]

Recalling that for the composite cylinder assemblage
with rigid fibers the axial elastic shear modulus GA is given
in [1, 5] as:

G 1+c {2.3.12)
Gp = 1-¢
19.




el DT lgazias (202 0U1Y with (2.2.6) with cheice of exponent

ceailes. 13 tho same as matrix exponent), it is seen that:

e 3(iec 3

T T Y 35132402403

. 3.23;

La¥]

{

The predicution cf (2.3.11) has been conmpared with numeri-
cal resuvles oktained in [3]. Ficure £ shiiows the variation of
the rignht siae of {2.3.11) in comparison with the results ob-
tained in [9] focr a fiber volume fraction, ¢=(.S. Since re-
sul“s of [9] were for boron fibers in epoxy matrix, the rigid
fiber approximation is accurately valid., It is scen that the
resulce zra reasonarly close, It should be noted that the
Jeometry of [9] is a rectancular fiber array which is gquite
different from the composite cylinder asscmblage geometry.

Tne resulres defined by (2.3.12) and (2.3.13) used in

forn ir Fig. 7. The shesar strains are normalized with resoect

tc the mpatri+ ~1ag+ic s:train, Yoe! &% the vield stress, 7 :
v

. -y (2.3.14)
G

It is natural tc also consider the establishment of an
upper bound on G:. ‘rfortunately, however, this is a matter
of formidable di}ficulty for the reason that inversion of
{2.3.6) to express stresses in terms of strains leads very
complicated expressions. Further discussion of this &diffi-
cuity is given in Appendix C.
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3. ANALYSIS OF NON-LINEAR LAMINATES

3.1 TFormulation

The genera. problerm to be investigated in the prescnt
cnadter is as follows: given the irelastic stress-strain re-
lations of uvniaxially -einforced laninae determined theoreti-
cally or experimentally, and a lamirate composed of such
laminae angd loaded on its edges by uniforrmly distrituted loads
in the plate 0of the laminate:

(a) What arc the stresses in the various laminae?

(b) What is the macroscopic 2:train response of the

laninate tc the loads?

This problem has been extensively investigated for elastic
laminates, and the resalts obtaired will serve as important
guidelines for the present much more corpiicated problen. It
is therefore very helpful tc first bricfly review the thecory
of elastic laminates.

Let the laminate be refexrred to a fixed svsten of coord-
as shown in Figure 8. This will henceforth

inates x x

1° *20 %3
be referred to as the laminate coordinate system.

Any lamina, kth say, in the laminate will be referred to
. . . (K: ) v’
its material system of conrdinates X , xz(K), X3 wh: e x.°

(x) -
r di

2 €

and X3 is8 the sare as the larinate X3, Figure 8. The reinforce-

is in fiber direction, x perperndicular tec fib

ment anyle 8. is defined by:

3

(k) , (k)| (3.0 1

8 = £ (xl, % = ¥ (X P

Let it be assumed thatr the lamirae are in states of plane stress.
It will te later explained under what conditions this is true.
Then the stress-strain relations of a single lanina referxred to
its material courdinate system are written in the forrms:

A 3 4 L}
IEUSIRPRR TSN S

oM fa)
25 a2y6 v

(3.1.2)
(=) o (k) (k) . 21




wiere (3.1.2a) is in tensor notation with rangs of subscripts
1, 2 and (3.1.2b) is in matrix rnotation., It should be noted

tnat {(3.1.2) represent the stress-strain relations {2.1.% -

1Dy, 1.el,
LK) L)
(k) Tl ‘A L iR
11 (k) (<) “22
E. Za
. (k) y
kY _ _ T A S~ 22 (3.1.3)
T22 . 11 (%)
“A =7
{k;
- k) - 3
“12 (k)
G

Let a laminate of rectangular form, Figure 8, be loaded

by a uniform edge stress:

:ll(ia, xz) = Jli
-~ { -« O
Crz2ftas %) = 3,5 (3.1.4)
Tr2(®ype 2B) = )5
22Xy ZB) = 5,3
The elasticity solutic'. of th:s laminate must Satisfy the

folliowing requirements:

(a) Eqguilibrium of stresses,

(b} Traction continuity at lamirae interfaces,

{c} Boundary conditions (3.1.4), and

(d} Displacement continuity at laminae interfaces.

It is assumed that the stresses in any larina are con-
stant, but different in the different laminaec. Tne condition
(a) is satisfied within any lamina. Since the assumed lanina
Btresses are plane there are no traction components on laninae
interfaces. Therefore (b) is satisiied.

The boundary conditions (3.1.4) carnot be strictly satics-
fied in cach lamina but only ir an averace sense. To do ta:s

{k}
q

lamina stresses o referred to lamina material coordinat: s
Yo
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are transformed to laminate axes. The §tressesg in the kth
: : (k
larina referred to laminate axes are denoted )cag. The

-~

transforration is given by:

(k}cli=c§§) coszék +a{§é sinzek - 2:{%’ cosﬂk sir 9k
(k}022=J§§’ sin29k *:{éé coszek + 23{2) cos8, sin ED (3.1.5)
(k)Jlf{:éflcéggsinék cosax + cig)(casze‘ - sinzek)

or in matrix notation:
(k) 5 = g(k) c (x) {3.1.6)

Let the edges of the laminate be loaded by constant forces
per unit length Tll’ T22’ le and define the stresses (3.1.4)
as edge averages over the laminate thickness h:

°317 Ti/m

032= Tpa/h (3.1.7)
97, T;,/h

Equilibrium reguires that:

=

w
h ¢ = g2
a1 3l 11
K,. <8 _ o
k=1 22 22 (3.1.8)
K L@
oy 12 i2

where K is the number of laminae. Written in terms of stresses
(x)

g using (3.1.6), we have:
a3

; k) <kl co
k=1

where ¢° denotes the stresses C;E at the edges.




Replacement of the boundary conditions (3.1.4) by (3.1.6)
is an approximation of Saint Venant type. Thus, there Tust ke
expected edge perturbations (among them interlaminar shear) on
the stresses predicted by laminate theory.

Equations (3.1.8) are tnree equations for the 3K stresses

G(l) L12) (K)
28 7 TudTT Va3

3(K-1) equations which are provided by displacement continuitv

in the laminae. There are needed an adaitional

at lamina interfaces, requirerment (d).

Since the stresses in each laminae arc by hypcthesis uni-
form, so are the strains. Therefore, displacement continuity
is ensured if the lamine gtrains in adjacent laminae, referred
to laminae coordéinate system arc the same. Thus:

(k) o (x+1)_
11 11
(2), | (k1) k=1,2.....k
22 ¥22 {(3.1.22)
kb o (k+1),
12 12

Equations (3.1.10) are the additional reguired 3(K-1) eguations.
(x}
g
to laminae material axes. To do this it is noted that:

They will be written in terms of laminae stresses 7 referred

k), o gtk) ()

which is just a transfcrmation of (3.1.5). Trom {2.1.25):

(. | gkl gkI () (3.1.11)

o

and inserting the last result in (3.1.19):

g(k} S(K)G(k) - 9(k+1)§(k+1) C(k¢1) %=1,2.....k (3.1.12)

Equations (3.1.9) and (3.1.12) are 3K linear eqguations for the
3K stresses in an elastic laminate, with K lavers.

It should be carefully noted that the analysis given above
is based on plane stress conditions in individual laminae. This

24.




1s a valid assumption if:

a) The loads or the lamirate arc staticaily egquiwm-
ient to in-planz forces {membrane forces) and pro-
duce neither bending nor twisting moments, and

{p) The laminate has a certain stacking seguence of
laminae which defines a so called balanced or
symmetric laminate.

This stacking seguence is an arrangerent in which the
laminate has a middle plane of ceometrical and of material
symmetry. The laminae are arranged in paris with respect to
the plane of syrmetry. The laminae of such pair have equal
thicknesses, same distances from middle plane, and are of
the same material with same angles of reinforcement.

In a non-syrmmetric liaminate application of membrane
forces will in general produce bending and twisting of lam-
inae and thus a plane state of stress will not be realized.
The symmetric laminate is, however, sufficiently versatile
to cover most cases of practical interest.

Let it now be assumed that the laminate is inelastic but
still fulfills the conditions of symmetry and pure membrane
lcading. In this case the only equations which necessarily
change in the preceding developrent are the stress-strain re-
lations of the laminae, (3.1.2), which must be replaced by in-
elastic laminae stress-strain relations are given by (2.1.7)
where the compliances are ncw functions of the stresses. These
compliances now replace the elastic compliances in (3.1.2)
which thus become non-linear.

It is converient for later purposes to rewrite (3.1.2) in
the inelastic case in different form. To do this the strainsg
eiz) are first split into elastic strains (2.1.9) ind inelas-
tic strains (2.1.11). Preceeding to (3.1.12) this eguation
assumes the form:

o (KL g k1), kel _ g (¥) g1lk) (k)

~—
w
.
fa
.
[
w2
~

- g (K1 glLik+1) (ko)

(k)§11(k) LY

+~ 98
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where

gltx) - elastic compliance matrix of k<h layer

—_—

Sll(k)- inelastic part of compliance matrix of kth layer

() o glik) , gll(k) (3.1.14)

s + 8

Egnations (3.1.13) are now written out in conponent form
with notation (2.1.10), {(2...12) €for compliances:

1x+l‘ 1 (k+1) 2 Lellk+1 8 \
11 {Sll cOSs ek S, gln kel
., (1) (s k) 1(k+1) g3al3 .}
*222 (s cos?s, 1453, k+1’
. {k+1)_.1(k+1l) . _ (k) 1(k 1o ;.2
4312 844 cOos ej«lsz.nek+l ‘L (Sll Los e +Sl2 sin 95)
(k) 1(k) 2 i .2 - {(x) .i1ik; -
+ 9,0 (S12 cos ek*szz sin ek) = 4012 544 cos Gk sxnek
- - (k+1) 11{f+l 11(k+“ 2
911 (s tos? 8y .1*S in"8, )
- (K+1) ll(k+1) 11(x+‘ - (k41 1l(x+1r .
MRPY (s oS ek+1 isin 6 43 Iy, S44 L0u9k¢lslnek*1
~ (%) ll{k) 11 (k) _. 2 11 (k) p)
+2,77 (S Sy, cos 9k+512 sin™8 ) + c22 (S “k‘cos“9.+€;551ﬂ 8.
- 4o (KIg1l{k) i {3,1.15
4c 12 Sa4 cosaksxnak
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Lk

>‘K*;)( Ik
12 11

'k+1) ,.1(k
tiyy 8%,

sin 9k¢l+512

l)sinze.{‘I + S

(ke l) i (k+1)

‘L\k*.,

.2 Tikeld 2,

cos“a. )
x+1’

S cos® _, sSing .

4-1‘- -44

(K)ol 2 o L elix)
i1 187, sin% 8+ 51, <

<)

T 2 i
42 ) : . g lsd 3
sin QK 535 co3

22 12

’ (%) ;l(k) Sl{K) .
“12 0 712 44 X
. (x+1)  Q1i({k+1)_. 2

= ¢l (s sin~ 8
(x+1,.11(k+1)
22 "12
l<+l;sll(k+ 1)
12 44

+C sin 9

+4< cos

(k) ( | ;
vzz (S 3in Bk +S

’k‘;)(sL\K’&/ <+ (x+1)
°11 1 22

(k+1) l{key) s’(\*l;
922 12 22

(k+l) l(x 1}
“12 Sa3

S0k 1kl 1(k)
911 P11 12

<11k} _ 1(()
22 ”12
= e -~ +1).’
=- 5
(K*l)(”ll(k+l)
72 12
+2¢0 (x+1) 1)(k 1)
12 44

(x) 11(k}_ 41(k)
5 (s 12

{s

(s ) sin8

X

4

§32 77 k

11 512

11 (k+1)

53>

2
{cos 8‘+1

) sine
(k) (G1lKD_ ¢
220 12 522

(k) g11 tk}
*2015 5S4y

+ (K)) s1n9

11 * x+1 12
1L(I+l) 2

w1 Sin®iy oy 953

i . CosH.
sind,  ,cosd.

5ind, ccsh *Zy
11 (h+1) _ ll(<+l)

) s;Lnek ccsd

.2
(cos ek - 8in ek)

cos 4. sin 8,

11ik+1) 2 o

+ 5 x~1

cos” 8

22 kR+2

(k) (k! 11 0¢)

+ 7 \S“ sinek+sl2 cos 9

e (k111 (k+1)

-2 I aien
3 9k+au12 544 bbb&*l :ank+l

-

) sin@, . cosd,
. 2e \
(cos 3 +1 "~ Sine )

cose,
osb.

W1, 2 2

S44 {cos”8, -sin"8. )}

) siney cossk

+1 +1

(3.1.17)
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To these rmust te adioined eguations (3.1.3) which are written

here in components:

x »
\.\L {x) 2 5. ik} > .
20s 6 SN a8, =27 sin L, = 7, 0l
711 22 8 , ~2% g w088 ) b n 2y
511 ‘);inzﬁ *’(R)"osze CURLIN s3., sing. !} t °, h b}
G sin“e sz 'z 2= 0" cosd, 18 = g ‘b
ko) L1 X "22 k 12 "% x' T Y22

X
T(J
k=1

k) ﬂfk)' ik 24 .24, - -0 n -
1 37 €7 s9. 51rek+ 12 {ccs 9k Jin h:,t. = P {c)

{3.1.18)

We now consider special cases of interest. In the first
case the inelastic larinae strains have the form {(2.1.13).
The.: tne right side of (3.1.15-.17) simplifies by setting:

11 (k) l’(<+l) 11 (k) 12(k¢l)

$11 < 811 =S =83 =0
11(xa 11k} (x) ik}
= 552 ey 1377

ll\x+1)_ S (k+1)( (k+ ) F(k+l))

522 22 ’ rot12
glltk)  _ gllGe) ik HESN

a4 Si4 22 ¢ Y12

GlL(x#1)_ gll(x+1) (ki (k+1) (3-1.13)
Sas Saa Y2 0 Sy )

Once the stresses in the laminae have been ¢btained the
strains in the laminae, referred to laminate axes, are deter-
mined from (3.1.11). Since the strains in all laminae are
the same when referred to the laminate coordinate system, these
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L L L

are alsc the average laminate strains and thug determine the
incalstic resconse of the lamirate.

In the simplest case the lamira material is assumed t3
be inelastic in shear only. In that event we have in addition
to (3.1.29}):

22 S, =39 (3.1.20)

and for Ramberg-Osgood preserntation of inelastic part of shear
compliance:

o k) -l
11k 2 12 k
2548 % o T I
A v
N 3.1.2
jelltksly 1 212K B ( b
14 BTN VR Y
A Y

In Ramberc-Osgood representation (2.2.1) the inelastic parts
of the compliances assume forms such as:

. k) L
). 1, . 2202 Ciz 2017200 -1
7 R T v R VLA &
Eq y ¥
R Y
11¢k) _ 1 22 2 V12 2 ,1/24%, -1
%0 o Ewm T
“A Y y
(3.1.22;
(k+1) L (el
12x+1)_ 1 s22 2 . ‘12 2 .1/204,,-1)
522 = - Tk‘l) { ( B (k"':\.)‘ ! ) {’Kf:)) J <+1
o7 Y Y
(x+1) Y
1L (k+1)_ __1 ., %22 2, 12 ,2 ,1/2(4,-1)
2514 v > = s LA T SR ~
A ¥ y
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The eguations which define the laminae stresses are (3.1.9)

3.2 Method of Solution
and {3.1.13) in condensed form, or
(2...18) in full form. To explain

(3:1-15‘ 3.1-17) [2
the solutior method it is

eguivalently.,

simpler to write in terms of the cordensed form.

Lefine the matrices:

El(k*l)=9[}afl)sl(}:+l)

gll(k+l)= g(x+l) g1l ik+1]
él(k): g(k) §l:k)
Ell(k) g(k} §:1(k)
Then equs. (3.1.1
&1(k+l)g(k*l)_£l(klj(k) -

to which are adjoined equs.

X
8
x=1

(k3 _ ()

—

= 3°

_£11(k+l):(k+1)*Lll(k)

(2.2.1)

3) assume the form:

5k (3.2.2)

(3.1.9) which are here rewritten:

{(5.2.3)

The eguations may be solved numerically by an iteration

method which proceeds as follows:

with the right side of (3.2.2) zero.

stresses C, given by:
El(x¢1)1£k+i) _ El(x)ijk) -
K N .
oot gl . g
r=1

= 3

(3.2.4-3)
This defines a set of

Congider egus.

(3.2.4)

Since {(3.2.4a) contains only elastic compliances S'(k) it is

seen that the equations are linear and define

an elastic laminate.

right side of (2.2.2)
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Now insert the stresses
and define the stresses

the s:resses in
Xy .

o( ) into

(K

(k) by:

<he

<
o)
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, \ . . . ilk+] X+ y (a)
LLGkD ka2l LGx) | (o) = - LY gg ey, kel TE
= 2 |
fB 0 ) LX) (3.2.5)
K ,
Fog ki, O (b)
R A3 | <
x=1

Equs. (3.2.5) defines (hopefuily) a new approximation gl(k)

which is the solution of a set of linear eguations. The stresses
in square brackets in the right side of (3.2.5) are to emphasize
the stress dependence of the non-linear parts of the compliances.

The procedire just initiated can be repeated indefinitely.
In general:

éi(k+l)£(k+1)_&1(k)z(k) =_£1l(k+l)[c(k+l)] J(k+l)
g+1 i+l i =2
st (k) k)
2, N (3.2.6)
K o
- g(xyz(x) = g°
k=1 1+1 -

This iteration procedure is guite easy to carry out with
2id of a computer. It replaces the solution of a set of non-
linear eguations by sclution of 2 sequence of linear equaticns,
provided of course, that convergence is obtained.

It should be noted that the first iteration step does not
necessarily have to sxart with equs. (3.2.4a}, i.e., with zero
rignt side of (3.2.2). Any stresses ¢ X' which f£ulfill (3.2.4b)
can pve used to start the itcration with (3.2.5) and continuing
with the ceneral iteration relation (3.2.6).

It is desired to obtain a laminate solution for only one
load sysiem ¢° then it would seem most iogical to start with
{3.2.4). But suppose there is a sequence of loadincs iee,
260°...n4¢ . Suppose that a solution for (n-1) i¢c° Lkas been
obtained a;d that a solution for nig® is desired. One possi-
pility is to multiply all stresses due to the load (n-1) &2°
by the factor n/in-1}. The stresses thus obtained certairly

31,




> s
- -

also satisfy (3.2.6b) because cf the linecarity S
tions. %hey will gererally be reasorable starting values

3 (ks for the iteration.

° This metnod of itecratior to obtain a soiution was found
to work well for many sanmple proi.ems; nowvever, therc were
cases in which the solution <¢id not convergs. Attempts <o modi-
fy the recurrence relations to overcome this prob.em met with
¢nly partial success. Thus, an alternate procecure for solu-
tion was defined. The solution was obtained by appiication of
the Newton-Raphson method.
The set of 3K nonlinear equations represented by equs.

(3.2.2-.3) may be presanted ir the form:

S GO n=1,2 ...3% (3.2.7)

The function Fi is expanded in a Taylor series about an arbi-
trary set of initial stresses which may be taken as the solu-
tions of the elasticity problem. Considering only two terms
of the series, it is Iound that

:F,
F, = F, + = s K=y
i i 3 k I {3.2.8)
‘mn
cxr
°
¢F R
-3 - ’
SR P R I e N (3.2.9)
23 i3 ne K b
%43

where fzj is the corrected sclution ob:ained from the assumed
sclution °c5i. Usinc :§j as the initia. guess, the process
is repeated until the result is obtained within a desired ac-
curacy. A recurrence form of eguaticon (3.2.9) to obtain the
stresses at t+l cycle from t cvcle can be constructed as

follows:
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After tne stresses :fi are obtained for all liayers cf the
laminate, strains fo;iany layer k irn terms cf laminae axes
can be computed using equs. (3.1.3). Strains in terms of
the laminats axes can be obtained using the strain trans-
fermation law.
This analysis has been ceveloped into an efficient

computer program. A description of the program including
a listing, is presented in Appendix E.

3IF (3.2.1C)
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3.3 Numerical Resuilts

The computer rrogram which has keen developed under the
present stady has been utilized in the aralysis c¢f a variety
of diiferent corgosite laminates. The initial studies using
the computerized analysis were directed at presenting a corpari-
son between the resuits of the present analysis and those of
previcus analyses, nutably that of Ref. 9. (The prresert results
were alsc compared to available experimental data, prinmarily
those of Ref. 6 which had aiso been used f{or comparison with the
analytical results in Ref. 9.) The ohjective of this rhase
of the numerical study was to determine whether the present
results, which can be obtained with minimal compute- usage,
compare well with tnose of the more exact and complex analyti-
cal results in Ref. 3. The results of this comparison are highly
encouraging, as will be shown below, and support the utilization
of the present analysis as an efficient design tool.

In the second phase of the desicn numerical studies, con-
sideration was given to examining the sensitivity of laminate
resalts to individual properties of the layers., These para-

tric studies are presented for several classes of typica:
laminates.

A seriecs of iaminates of boron/cpocxy compesites for which
exverimental data had been obtained in Ref. 6 were examined
analytically in Ref. 9. In Figures 3 tc 15, results of the pre-
sent analytical method are added tc the comparison of experimen-
tal results of {6] and analytical results of [93]. For example,
in Fig. 9, the experimental stress~-strain curve for & 0-90 boron/
epoxy laminate is compared to the analytical results obtaired
in Ref. 9 and in the present analysis. Both analytical re-
sults coincide; both show slightly less inelastic strain than
the experiment. The soliéd point on the curve indicates the
stress level at which fiber fracture is computed to occur in
one of the layers of the laminate.

The shear stress-strain curve used in the present enilysis
was the best fit Ramberg-0sgood curve having an exponent n=3.
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the vajues of modulus and vield stress cobtaired from the least
squares fit are showr on the figure. A similar result is shown
for tae uridirectional tension +45° larinace in Fig. 10, Here
it is seer tha:t the twc analvtical curves arc similar, althcugh
the agreemert is not as close as in Fiz. 9. Experimental data
reflect a substantially higher degree cf inelasticity than
either analytical result. The present analysis shows a higher
degrce of inelastic strain at the higher stress level than tha:
of Ref. 9. However, the reverse is true in the comparison of
the two analytical results shown in Fig. 11 for a 430° laminate.
The present results were ob:ained wita a linear stress-strain
curve in the transverse direction within each of the layers.
The computations were made in this €fashion becausc the transverse
stress-strain curve of Ref. 9 does not show a significant degiee
of inelasticity.
Figure 12 presents results for the case of a guasi~isotrop-
ic laminate (0/+45/90) of boron/epoxy. Both the present result%
and that of Ref. 3 show a relatively insiynificant amount of
inelasticity. Acain, the experimental data show a greater
inelastic effect. Eere the predicted failure strain level is
in good agreement with the experimental failure strain level;
however, there is a significant difference in the failure
stress level. A similar result is presented in Fig. 13 for
the quasi-isotropic laminate formed from the 0/-60° ccnfiguru-
tion. i
Computations performec¢ for the present study for laminates
having fibers in several directions, including the ioading direc-
tion, for a simple unidirectional iocad have shown a relatively
small amount of inelastic strain. Another example of this is
presented in Fig. 14 for a 0/+45° lamirnate. Here, however, th
agreement ¢t all the analiytical methods and the experimental
method is very good.
The final comparison taken from Ref. 9 is presented in
Fig. 15 for a laminate having fibers in three differeat direc-
tions and a tensile load applied at some intcrmediate angle.
The present aralysis agrees reascnably well with the resalts
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Ref. 3. The discrepancy betweern the failure load predicted

on the basis 2f fiber failure and the experimentally cb-
served failure stress is qguite substantial. It is possiblic
that fialure in laminat2 cf this <ype caould result from
shearing cr transverse stresses within the individual layers,
and thus, not 2¢ a resul:t of tensicn in the fiber failure.
chis mode of failure has rnot been treated in the present
computer program. The mode of failure observed experimenzally
is not knowa tc the aunthors.

The experimentally mecasured resporse of a multidirectional
laminate t» an applied shear stress has been reperted irn Ref.
13. Comparison of the experimental result with the theory of
Ref. 9 was presented in Ref. 14. Computations for this case,
rade using the present analysis anc the prior arnalytical re-
sait (Ref. 14), are cormpared to the experimental result 1in
Fig. 16. Again, correiation between the two analytical re-
sults is gocd, agreement between aralytical and theoretical
results is reascnakly c¢ood with the experimental observation
showing higher inelastic strains and lower tangent shear moduli
at the very high stress levels.

The conciusion of these comparisorns with analytical and
exrerimental data seem to justify the adoption cf the presert
computer prograr as a useful engineering tool for the desigrn
and analysis of composite laminates. However, it appears that
further study of the failure recion is required.

Parametric stuldy of the influernce of various laminate
geometric and mech- nical properties has also peen explered.
Fig. 17 shows the resulcts obtaired for a 0/+445° laminate in-
dicating that the inelastic respcnse in the transverse direc-
tion can become significant at higher stress levels. Failure
due to fiber fracture under a transverse stress applied to
the laminate occurs at strain levels larger than those plotted
ir Fig. 17. Ir the guasi-isotropic laminate having four fiber
directions, {0/+45/90) the degree of incliasticity in the longi-
tudinal and transverse directions is of course the came and is
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in ooth cases very small. It is to be anticipated, on an
intuitive basis, that the maximum degree of inelastic response
would be observed for a stress applied midway between two of

h
®

the fibar directions on this quasi-isctropic laminate. The
stress-strain curve for this latter case is also shown in Fig.
18. ithough the inelastic strains Zor this case are not
significant there is a large difference in the predicted
fajlure stress levels based on stress in the fiber direction
for zhe two cases. It is worthwhile to emphasize that the
quasi~isotropic laminate need not be isotropic in its strength
characteristics.

Decause of the diresctional strength characteristics inter-
esting effects may be expected for combined stress cases. Some
results of the exploration of this question are presented in
Fig. 19 where the four direction quasi-isotropic laminate is
subjected to combined stress state with respect to a 22-1/2°
axis of symmetry. This laminate shows hich strength under both
the unidirectional 1load and shear load by itself. The combined
stress case for equal values of applied shear stress and axial
stress results in fiber failure, and therefore, laminate failure,
at a substantially lower stress. The stress-stra.n curve prior
to failure is not affected significantly by the presence of con-
bined stress. The quasi-isotropic laminate having fibers ir
three directions (0/+60) is examined in Fig. 20. The sersitivity
of this laminate to the Ramberg-0Osgood parameters for the indi-
vidual ply had little eifect upon the stress-strain result. In-
deed as an extreme examzle of this variation all larmiates stiff-
nesses except the axial stiffness were equal to zero. Enforcement
of the Kirchhoff-lLove plate assumpticns for this case results
in the so-called netting analysis. The response for this net-
ting case, which is linear, is shown oy the dashed curve in
Fig. 20. Even with this extreme assumption, rmatrix inelasticity
does not introduce a significant amount of inelastic strain,
txperimental data for comparison with this result are not easily
available, however Ref. 17 does present a stress-strain curve

for this case which shows a transverse failure stress for the
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quasi-isotropi~ 0/+60° laminate which is about ©0% of the
failure stress i the axial direction. Also, the inelastic
strain at failure is approximately 30% larger than the elas-
+ic strain associated with the failure stress level. The net-
ting aralysis result presented here suggests chat in order to
obtain such a strain, one might have to consider that the
axial stiffness, either in tension, compression or both: or
that other effects not considered in the conventional lamin-
ate analysis, such as interlaminar or transverse shear de-
formations, might contribute significantly to the overall
laminate deformation.

The influence of the characteristic stress levels for
transverse stress and axial shear of the unidirectional layer
of a boron/epoxy material is examined in Fig. 21. The measure
of this effect is taken to be the influence upon the stress-
strain curve for the unidirectional tension of #30° laminate.
The strong sensitivity to the characteristic axial shear
stress T and the relative insensitivity tc¢ the transverse
characteristic stress 3y for the R-~O representations is
illustrated in the figure. A similar comparison made for a
boron/aluminun laminate of the same geometry subjected to
uniaxial applied stress is shown in Fig, 22. Similar sensi-
tivities are observed for this case. Boron/aluminum laminate
response under transverse applied stress with the same values
of the Ramberg-0Osgood parameters is shown in Fig. 23. Here
the fiber failure criterion did not come into play and thus
the computations were extended tc rather large strains in
matrix. It is clear, that for this case, the failure criterior
based on other stress-strain components is reguired. The exam-
ination of the computer print-out permits one to ternirate
the stress-strain curves at some stress level prior to fiber
fracture depending upon the choice of the failure criterion.
This can be done rather readily. The choice of the failure
criterion is discussed in Appendix D.

The lamina properties for boron/aluminuar are used to
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analyze a 0°/+33° laminate under combined loading. These re-
sults are shown in Fig. 24. Axial stress-strain curves are
presented for varying ratios of axial shear stress to axial

tensile stress.
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4. CCNCLUDING REMARKS

Current approaches to the definition of design allowable
stress for advanced fiber composite laminates are based upon
the utilization of cxtremely conservative criteria. These limit
the larinate to stress levels below which no significant damage
of any kind occurs. The utilization of overly conservative de-
sign criteria can negate much of the potential for effective de-
sign utilizing advanced composite materials. The heterogencous
aature of these materials is such that a variety of possible
damage mocdes exist. Thus, matrix crackiig or yielding, ZIiber
fracture, debonding, and other inelastic effects can all occur
in local reagions at relatively low average stress levels. fThese
nonuniform and nonlinear effects grea+tly complicate the problen
of establishing reliable design allowables. In the present pro-
gram, the problem of nonlinear laminate behavior rcsulting from
nonlinearities in the behavior of the matrix material was studied.
The objective of the program was to develop an understanding ¢f
the inelastic behavior of composite laminates and to develop a
computer progran which will be used as an encireeriny tool in
the design of fiber composite laninated struc:ures.

The method of approach utilized herein was to adopt a Ran-
berg-0scood representation of the nonlinear stress-strain be-
havier and to utilize éeformation theory as an adeyuate repre-
sentation of the material nonlinearities. The problemn was viewed
on two levels. First, the relationship between the constituent
properties and the stress-strain resncnse of a unidirectioral
fiber compcsite material was studied. For this prcblem, the
primary attention herein was directed toward the axial shear be-
navior, in as much as experimental data had indicated that it is
tnis type of load which results in the most sionificant nonlineari-
ties in material behavior. For this case, an expression was cstab-
Zished relating the composite average-stiress/average-strain curve
to the fiber moduli and the matrix noniinear stress-strain curve.
Zhis expression, which was developed as a lower bourd, was fcound
to give cood agreement with the more exact results obtained by
40.




applying incremental plasticity theory and using a numerical
finite element analysis to the assessment of the rmaterial be-
havior (Ref. 9).

Fhe secord level of approach treats the interelationship
between the properties of the unidirectional layers and tnose
of tae laminate. For this case, onc may consider that the
starting point is a nonlinear stress-strain curve for trans-
verse stress, and for axial shear stress, alone, and a lirear
stress-strain relation for stress in the fiber direction. The
nonlinear lamina stress-strain curves can be modelcd by proper
gselection of the Rambarg-Osgood parameters.

In the present study, unlike cther formulations an inter-
action expression was forrmulated to account for simultanecus
application of axial shear and transverse stress. A laminate
having an arbitrary number of oriented layers, ard subjected
to a general state of menbrane stress, was treated. The results
of this analysis were programmed into an efficient computer
routine for numerical evaluation of arbitrary laminates. Results
obtained show good agreement witn these of pievious complex
nurerical methods utilizing incremental plasticity theory.

Certain limitations connected with this program should
also be discussed. First, deformation type stress-strain re-
lations have been used; hence, it is implicit in this resulc
that the stress and strain values obtained for any given set
of loads are functicns only of those loads and not of the
loading history. On the other hand, if points are corpated for
intermediate values of loads, following different load paths,
then different intermediate conditions will be obtained. Thus,
the question is raised as to what is the accuracy cf the results
obtained for paths which do not yield proportional loading. It
is known that for local proportional loading, the deformation
theory result is the same as that for the incremental theory.
In the laminate, local proportional loading does not exist,
in general, even when the external loading is proportional. How-
ever, the assumption is made that the deformation theory will
yield an approximation which is satisfactory to generate a
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rational encineering tocl. This can oniy bé assessed Oy com-
parison with an exact aralysis, or since this does not exist
for the case of arbitrary loading paths, perhaps by comparison
with experimental data.

Comparisons of the present results with experirental data
tend to show moderately good agreement. There are, however,
cases in which experimental results show a higher degree of
inelastic strain than predicted by the present analysis. These
experimental data are guite limited and may be insufficient
for drawing conclusions in this regard.

The question of failure criteria incorporated into the pre-
sent analysis reguired further consideration. The present
analysis obtains more accurate representations of the stress
components in the individual layers than have been obtained
from elastic analyses. Hence, the use of these stress conponents
in any failure criteria should represent an improvement in
failure prediction

In addition to a description of the methods of analysis,
and of the numerical comparisons which have been carried out,
the present report also presents a description of the computer
program for study cof nonlinear behavior of laminates in suffi-
cient detail to permit the utilization of this program by
others.
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APPENDIX A

SYMMETRY SIMPLIFICATION OF NON-~LINEAR STRESS~STRAIN RELATIONS

Tie most gencra. inelastic str2ss-strain relaticns of tne

defcrmaticn type are of the form

55 % Sk k1

I

]
L

where 5, .. are functicns of ths stresses. Lel it te assums
4
that the material 1s transverscly isotropic with X, axis of

symmet.ry. Any rotation abcut x, changes < . and 7.. into -

1 1] i3 i3
' . c e s . b4
and o ij° Then the condition of transverse isotropy denands
that
1 1

ijrl © (27

4

where S. in (1) and (2} are the same. 7To fulfill ¢his last

ijxl

requirement it is nrecessary that si%kl be functions 2f stresses
3

only through stress expressions which are invariant for rota-

tions about tae Xy axis. Tnere are five such invariants and

tney are given by, [15)

I ® %1 Ty T T22%%33 <3 = T3 Y3 3
N 12,5 2 e isaee - 2. 2 .. . .
Iy = 1/2(cyy=035) 742354 Ig = 1/200,,70349) (05772, 371729773723
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i+ follows taat for rotations around tine %y axic of

SYTMC LT, tiie S'*'l cenz2vs as constan=s. Consequen<t.iy, the
138
P .
symmesry redaction of {1} o transverse sotropy 1is Just

ph.e reduction may sc performed in follewing fashicn: For
rotatior of angle & acouz the x, axis, the stress tensor -,
transforrms into :'4; ir. the ‘ollowing fashion
-
_' -— J
11 il
t
c = 172 (o,, + 2,50 + 1/ -z Z j
22 { 22 PPY /2 (022 33) cos 8 + ¢,y 8in
' 1/2 (
¢ = o4 + G - 1/ Ty = 3 gl 3 - & i
33 /2 (25, u33) 172 (Cy0 33} cos 28 3., Sin
'
fof = 172 (< Y i & -~ < o 3
23 { 33 xzz)S n 29 7,3 COS 23
t ) . (5)
J - 0 > + \
12 ¢1p cos e C13 Sir €
t
S = =¢ sin 6 - ces €

The same transformation relaticns ctviously also hold for
strains. If the transfcrmed stresses and strains are intro-
duced into (2) then coefficients of cos 26, sin 20, cos & and
sin © and remaining terms independent of & must be equal.

These equalities result in relations among the various compo-
nents which reduce the stress-strain law to the form (2.1.4- 5)
from Chapter 2 of this report. (Average stresses and strains
appear in the latter but this obviously makes no differences

in the derivation.)
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APPENDIX B
PLANE STRESS-STRAIN RELATIONS OF FIBER REINFCRCED MATEIRIAL IN
GENERALIZED RAMBERG-0SGOOD FORM

Tne curpcse of the present appen: ig to arrive at
esus. {(2.2.7;. For convenience in wrxtin; overbars cn
s-resses and strains will be omitted.

The present develcprent is guidod by isotropic 12 theory

_ for deformation type plastic stress-strain relations. The basic
assum;tion of this theory in the isotropic case is that the
clastic strains have the forr

»
€ .. = £ (21
ij (5y)s ij '
where sij is the stress deviator and

J, = 1/2 s.. . ‘

2 /2 845 Sij 2)
is its second invariant.

It is instructive to work out thc form of (i} for Rarberg-
(Osgood =ype stress-strain relations. Suppose that In pure shoar
the stross-strain relation is

[of J. -1
_w P v . 12 {3}
€ = — [+ (= ) ]
12 - T
2G Yy
Nov in pure shear it follows from (21 that
2
J, = <,.
2 12
Tnerefore (3) can oe written in tac form
o vJ n-1
» 2 2 2
= —— { + —— ‘4
le ZG Al (T‘ 4 ] \4)
Y
which is in the form{l). Ccnseguently, in tac gereral case of
three dimensional stress and strain
e
8 - LY a-1
T, =+ =% ) (33
1] 2G 1 J
Y
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It sihould oe emphasized that there is nothing fundamental
about ... It is an assumption which states that the plastic
strains can be represanted by the stress deviator components
multipiied by a funczion of a Juadratic expression in the siress-
es wnicn is 32. The choice of J2 for a quadratic expression
is not arbitrary but may be arrived at by isotropy arguments.

a2 ar anisotropic material it may bc assuned by generzl-
lzatior that clastic strains are given by
" .

‘ij = sij £ (L) (6}
Where L is some gencoral Juadratic function of the stresses. This
assumption will form tne basis of the present development.

Consider the stress-strain relations (2.1.13). It

"

" -
is assumed that 522 and s functicas of the most

44
ceneral guadratic form in S5y and 572.
Thaus

" = s .2 i85 . ecT. 0
(ACop" + 8Bcgy @y * Co1p0)

- 2 - = . AT
54¢ (‘\v 22 + Bo < Cs

844

- . epma &
s OO, -~

e

It should oe noted taat the matsrial rsacts
to positive or negative shear stress, taereforc aiso in same
fashion ¢to some 522 tcgether with positive or negative shear
stross. nowever, the middle term in the guadratic changes
sign with shear stress. Therefore, tais tern should be orm:tted.

~ow rewrite {(7) in form

. 1 2o 2 2 - 2
Sp2 =T gD oy (3T 5y v 32T
T
] 2 (8)
" - 1 P 2 - 2 - 2 - ’
St T o fag t oy % )
T
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where f22 and f44 are ncndirensional functions and o and 2
nave dimensions of reciprocal of stross. 1I£ 312=0 the first cf

(81 assunmes the fornm

For one dirensional ¢ , from the Ramberg-Jldsgood stress-
22 ?

serain relation (2.2.6a)

()l

s - ( 22) | S
2 R
2 ET 1Y

waica can be written as

I

3 M-
” 1 22,2, —
SZZ = E- [(3——- ] 2 (19)
T Yy
it foliows from (8) and (10) that
2 1
a = ] (11}
c

Y
and the function of f., is determined as (¥-1)/Z2 power.

In similar fasaion, when ;2220 , the second of (8) assumwes

the form
v - 1 QZ: 2 .
Ssa T IG; £44 5 712) (22)

From the Ramberg-dsgood relation (2.2.6b! for one dimen-

sional 73,,

al
N

1 N-1

. -1
S44 T 55; ()

¥
wnich can be written as
c

2 W-1
" _ 1 12, <. 222
Sse = 55: [(?;—) } 2 (13;

It follows from (12} ard (i3} that

2 1
) — (14)
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the functicr f4, is determined as (N-1)/2 power.
-
Conseguently (&) now assumes the form

1y

- b - Y
w1 Cz27 0 Syp0f ¥k
527 = .:.— [(- } he (_, ¢ 3 2

< T Y Y
o - 1 {,f—g—z\z R ,f_l_g_)z, :‘.;1
344 ZG. l: 7 \T a
f Y Y

"hen (2.2.7) follows “rom (15) and (2.1.13).




i. EXTREMUM PRINCIPLES OF DEFQRMATION THECRY OF PLASTICITY
i. Principle of Minimun Potential Energy
et
Vit 7 Yigki okl {L.1
where T .., are fancticns of the strains. Ta2 strain en2rgy
5
density is Zefired ov the path dependent intecral
£
£ — Py e
Ho= c.o.fzVag . SN
c=0 iz - 1) {ded)
wierzs £ is a conciss notation for 513 . The strain energy
u¢ of a body of volumc V is defined 2y
- R S
OTo= SGWav 1.3
v
Let che surface of the bcdy be suciected %o the houndavy cons
drticas
g.(8) = u®% on S (1.%)
: i u
T.(8) = T°. on S.
i i T
ard let the zody forces vanisn. The rotential srergy
is defired oy )
u_ = juwfav - . T°u. (1.5)
ol v S'T' 11
Sefine an adrissitlc Sisplacerment field ﬁigﬁ) by
- = -0
TR on S‘J
ii(g) continuous everywhere 1.8
%, are the strains ¢ derived frorm It

Associated with (. )
. R , > 13
the usual relations.
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inciple of minimzun potential erergy for the present case

{1.1C;

eqguality taking plecs 1f and cnly if

14
£

In tae avernt that Jisplacere:nts are preoscrizzsd over tac
1

cntirs sarface, ine surfacs integral in {

the prirnciple roiuces to taat of rinimum s<rain enersy

uvs o> U

A

(1.11)

ii. Principle cf Minimux Cormplerentary inergy

Let

.. = 8., {3) <.,

i) 1341 t2) Ki

whiere §. ... are stress
131

50.
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(1.12)
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Define tne corplerentary encrgy <density w7 by tas path
L ¥ fensit . By tae path
zCra.
3 (L.13)

12

Let *he surface of the body e subioctad to the boundary con-
(

diticns (L4} and let the body forces vanish. Tho complementary
ercrgy UC is defirel by
..C ,
U. = S W°dv - ;. T.u°, dS (1.14)
- V Jul 1

Define an admissible stress fleld 5ij oy the Zfolloviing
raguirenants

713570
T, = Sijn4 continuous everywhere (1.15)
T.(8) = T°. on S
J-l( ) i o] T
Sefine the complementary enercgy functicnal CC by
- -~ ~ g
v = w“ 'dv - "' T.’.‘.°. (1.16)
“c T v s Ti®74d8
9]
wiere- =
W o= S B, .63, (1.17)
ijid
3=0
£ =

AP
i3 7 55l Sy
Then the principle of minimum complementary
Le 2Us (1.18)
equality occurring if and only if

~ -

°ij T 713
If tractions are prescribted over the entirec surface, Su=0'
the principle reduces to
c {1.19)

¢ s v
S1.



For proof of these principles see e.g. (i8], An interssting
applicai.an tc o-tain approximate 50.1JLions NS Jeln Jiavern

in [17 .

11i. spacialization of the Principles to Axial Shcer with

Rarberg-0s300d Stress-Strain Reiation

In -he case of axial shear of a uniaxially fiber reinicrced

-id

materia. the only surviving stresses are

! \
= = 1 et = T \1.20;
12 2 13 3
where 1 indicates fiber direction. Dancte the asssclated =i

strains by
(1.21)

€127 2 137 f3

[}
™

Then the generalized Ramberg-0sgood stress-strain relations,
Apperiéix B, (5) assunme in the present case the form

EbY . a-1
=~ L T
£2 2G L1+ i ]
Y
1 n-1
o2 3 (I
53 = % [ 1 + A l
Y
(1.22)
T = v 2 i
EPERRET T2
In the present case
i de .} {1.23}

c..dc.. = 2(72d£2+13 3



Inserting (1.22) into (1.23) and usino the relation

74T = 1,d T,47,d4 C

27 "2 73 3
. o .
it is easily shown that
- L hl
o . ® — i — -
. uljds i e { + n (T” ;o d (1.24)
y Y
3

Te compute W° as defined by (L.2) it is necessary to
integrate (1.24) from zerc to some state of strain €1 faqe
But it should be noted that (1.24) is expressed in terms ol
the variable 1 only. Now 7 can be expressed in terms of

| il

E strains in following fashion. Define
_ . {1.25)
g = Ve 2 + e 2
2 3
1t fcllows at once from (1.22) that
n-1
s 2 I kS (1.28
= — + (=~
t=gg L+ ()
Y
: This relation defines <+ as a functicn of 2 . Coznase-
l guently, W- assumes the form
1 € 1 v e . n-1
g W G J T {2+ n (=) ode
E e 'y
g which 1s easily integrated to yield
2 n-1

> c - 1 21‘2 T, ) (1.271‘
, Wo=gg g 5
. y
. - = 1 (&)

According to (1.3} the strain energy tt is taen given by

- the volume integral of (1.27). Note however that it is very
difficult to express u® in terms of strains since this requires
the solution of (1.26) for - in terms of €. In general it is
not possible to do this analytically. This places a severe
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limitation on the use of the principle Oi wy - imdi potenti
energy or of minimum Strain-energy wita Rar. .rg-0sgocd st

b
()

ress-
strain relations.
next we consider the principle of mirimum comctlementary

erergy for axial shear. Since there are orly shear stresses

5o Ty and shear strains o,, c, the integrand in ¥ 7
(1..3), i3 given by
. {(1.28)
ot - = H hd ~e )
_ijdui) 2\£2d.2‘53.“3,
I+ folliows frem (1.22-.23) that (1.28) is given by
- . n-1
- - . -
:ijdjlj G [l + (,.‘/ ] d‘
Integrasion of tnis expression from 0 tc T ryialds
(o4 1 2 < n=1 1.29
w=-2—§{l¢n‘vl(?:) ] (1.29)

X
Expression (1.29) now enters as the integral irto the volume

integral of UC' (1.14).
we now cxarine the neaning of an admissible stress field

?2, ?3 in the present case. The only surviving equilibrium
2guLation 1s
. . (1.30)
a1, 3754
>, ", °
2 *%3
™he traction conpor.cnts are
T, = T.n,+-.&o
1 212" 3%
i : (1.31)
= I_n,
2 21
T, = I.n

-

3 371
we shall be concerned with cylindricai toundaries in Iliber

reinforced raterials whose generator is irn Xy directior. 7n such
a surface n1=0. Tacrcfore the only surviving tiaction compe-

rent on such a sarfaco is

T, =T = Tono+Tn (1.32)

Z n 272 73
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Conseguently an admissible stress system ?3, ?3 must satisfy
(1.30y and the value Ion of ?n wherever prescribed on the
ooundary .

The complementary energy fwictional (1.16) assumes the form

v W - T._.u° s tal
‘e = /Vw av ,s .lJ 1da {a)
u
s =4 .+ n-1
R i (b)
'y
(1.33;

b4 - /- z s"f

1, +1 (c)

5S.




2. LOWER BOUND FOR AXIAL SHEAR MODULLUS
Consider a uniaxiallv reinforced larina which 1s subjected

to axial shear <, 1in <hc 1-2 plane on its boundary, fig. 5.

by the average stress tiheorem, Of Ref, 5.

- - (2.1)

other averagdl Stres5ses vanis

1
3v the average taeoren of virtual werk, of Raf. 5,

. Al
[
2
AR}
(]
oy
o]
i
o
.
o
—

Sinze the only nonvanishing average stress in tne prosent

case is (2.1) we have

t..4C. .
ij 13
The complementary energy of the body is given by (14) of

2z, , di, (2.3)

12
Appendix A, The surface integral vanishes however in the pre-
sent case sincc no displacements are prescrioed on the
bcurdary. HNow

Ue =,rvv:ccv =iy 7 - :xjd;zjdv
£=d (2.4)
S - - e _
= f;ljijij v ’o E.lz d-.
£=0

The las:t eguality following from (2.2, 3).

By definition the effective secant medulus GZ is given by
c
Ty, T —2 =t (2.5)
1 (5. (
QA\ 127 ZGA (1)
Hence (2.4) assumes the form
. Te TolT, (2.6)
u.,= V7 —_
C o 33,
OA Leg
In order to €ind a bound on Gz it will be necessary to
¢

find a bound on (2.6) by use of the principle of mirimuam com-
plermertary energy.
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I+ is assumed that the fibers are infinitely ragid in com-
r

pariso>r to the matrix. Therefore at fider/matrix intcorface
u, = € (2.7
1 )
and the onivy contribution to the com:lenentary en2rdy 1is from

“me matrix. %“aus, -he surfacc intezral in (1,33a; wvanishes and
it can be written as
I = Tv:’ y “o"y A
v. = f W 3v 2.8

\

A
where vm is the matrix voliume.

Furthernore, by (2.3.3) the actual stresscs are functiorns
of Xyr Xg only. It is therefore natural to aiso chcose adnissible
. . J . - N

stresses as functions of Xyr X3 o Thus W in (1.33) becomas
a function of Xor X3 only andé taercfore without loss of gererality
(1.33a) can be taken over unit length in fiber directiorn. Thus
it can be written

~

- = ! < v
Uo = 'An w (xz. x3) dx2 dx3 (2.9}

.
AL AP

In order to construct an admissible strass

~

w

ysiel
necessary to devise a gecmetrical model for a uniaxially rein=~
forccd material . In past analyses of FR4 wwo kinds of models
have peen successfully treated: Periodic arrays of identical
circular fibers have been analyzed numerically with the aid of
computers and the composite cylinder assemdlage rodel has Zeen
treated analytically [1,5) yielding simple closed results. Since
the present treatment is to be analytical the composite cylinder
assemblage model will be used. A detai'ed description of the
model has been given in[5]. Suffice it to say here that the model
represerts a cylindrical specimen of a fiber reinforced material
as an assemblage of composite cylinders of different sizes which
£fill the space in the limit. 1In each composite cylirder the

inner cylinder is a fiber and the outer shell is natrix material.
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In all cylinders the ratics of fiber to natrix sneli radius ar:
the sane, [(figure 20).

I- is recalle. that ar admissible stress systerm nust satisfy
eaguilitriun and coundary conditions. An obvious possibili
for such an admissidle field are th: stresses of the 2iastic
sclution since tacy certainly satisiy <he requira. conditions.
These stryosses are th2 same in any cormposite cylinder ¢f the

assexblace and are givern in cylindrical cocrdinates by (see [shH

2
= ~ { . a
3 = 1_F 1‘2': {1 + —=) cos 6
rz r +C 2
N £, (2.12)
- ~ ‘o a in @
3 = T, T = - - n
ez . e l+c (l ) Sl’ i V ) . .
where ¢ is the volume fracglon cf fibers, a is the radius ¢l any

fiber and r,9are vclar coordinates, fig. 26,
Since ¥ as exwressed by (1.33c) is an iavariant witn
respect to rotations about X, = z we have aLso

< 2 pa

T =1 + 1 {(2.11)

2 2 - 14
T o=p L v ==+ 2. cos @) (2.12)
o ot

wiere

p = i—:—c- .= by 02..3)

a

To simplify the analvsis the exponent noin (1.22) will
be assicred the value

L= 3 (2.14)

It has been found that with this valuc of n, experimentalily

ootained shear stress-strain relations of 2poxy can he cuite
accurately represented with proper choice cf 1 . Recallirng
(1.33), (2.9) then assumes the form

2

) - 1 - x>z 1 ' )
U =358/, 7 1+ 3 (=) ) da {2.15)
m Yy
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where G is the matrix elastic shear medulus. Let the assemblage
corsist of K composite cylinder. Jefine Uck for the kth comp-

osite cvlinder Dby

k _ 1 37 - 1 -_\ (2..16)
c = '53 Am 1S . + 5 (T K } dl\
ik y

where A, 1S the matrix area akiribk in the Xxth composite
cyiinder. Then

U= & Lk

c L e (2.17)

k=1

since 71! has been cxpressed in polar cooriinates, (2.1
it is convenient to also evaluate {2.16) in the same coordinates.

Using the variable ¢ we have

~ N [ T = 2 .
vk = 2o 0 s RRIL 4 () ) 0dade {2.18)
1 2 Y
where
g = b, /a (2.19)

-

which by construction has the sare value in all composite cy-

linders. HNote also that the voliume £vaneior of fibers o is
given by
4.z 1
c = (S—) = = (2.20)
k 3

Supstituting (2.12) into (2.18) ané carrying out the integra-

tion we have

-~ . b T ,
_ kK _ 2.l-¢c Fo % 3+loc-12¢’-c"
Uc = '}—G—- ‘o {1,’% + (:‘1) 6(1+C)i ] (2.21)
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where (2.20) has been used. It is seen that rbzk is the arca
of the cross sectior of the kth composite cylinder and the
parenthesis has the same value for all composite cylirnders.
Trherefore, if (2.21) is irserted into (2.17) we find

A 2 p1-: C3-1dc12¢- ¢f
R T - R € {2.22)
- y €(i+c)”

C (2.23)

witnout loss of qenerality (2.6) can be evaluated for unit

height oI cylindrical specimen. Thus

U. =& °  ie2lg (2.24)
- o sgq o

sow introduce (2.23) and (2.24) into the mwinimum complementary

irequality (1.18). Thus

o -~ dT : N
; i c _ Ty .. {2.25)
.o ‘l"l dTD ﬂs(" A ] GTg > )

I . P

Since tie inteczral is pesitive for all values of 1,
the intzgrand must also be positive for all values of 1, .
It follows that

~Ale o 8 (2.26)
duc/dtc

S ,.
GA“°

by

where tihe extreme right denotes .ower bound on the secant
modulus GS, Substituting {2.22) into (2.26) and rearrang-
ing we find the loweér bound (2.3.9) of Chapter 2.

There naturally arises the qguestion of the estavlishment
of ar upper bound. The difficuliiies involvcd have oeen dis-
cussed above: It 1s not in gencral possible to sclve Ramberg-

Usgyood relations for stresses irn terms cf strains. It is
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tacrefore not possicle to analytically express the potential
energy functisnal in terns of admissible strains.
A nossitility to resolve the difficulty is to write in-
cla

elastic stress-strain tions of tyre (1.22) in the form

o= 2Ge, (1 - (= *Th

2 2
Y
A 1 0 ’ -

t, = 36, (1= G (2.27)
¥

. ———————

E = v_ 2+f 2

2 %3

+

- - sats

(L8]

{

wiere « and ¢ are to be determined by curve fittin
minus sign in Eﬁe parentnesis is due to the fact tnat the
stress-strain curve is ceclow a straight line with the initial

slope.

It should be noted that (2.27) arc not an inversion of
(1.22). They are merely arnother fcrm of approximation of
actual stress-strain curves.

In principle the representatior (2.27) can now be used in
conjunction with the principle of minimum potential energy
to estavlish an upper bound on G: in same fashion as a lower
bound has been estabiished. It has however been found that in
attempting to fit (2.27) to actual epoxy strcss-strain curves
a fractional exponent a was needed. This led to integrals of
formidable Qifficulty in the evaluatiorn of potential encrgy
functionals. Therefore this approach nas not been continued

here.
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APPENDIX D

FAILURE OF NON-LINEAR LAMINATES

I+ is expedient to separate the probler of the establish-
rment of failure criteria of laminates into two separate problers:
(a} Establiishment of failure criteri. for uniaxially

fiber reinfcrced material, i.e., laninae.

(b} Estarlishment of failure criteria of the laminate

on the basis cf laminae failure criteria.

A great deal of wrok has been done on proklem {(a). The
oroblem has been approached in micro as well as macro-fashion.

In micro-approach, it is attempted to predict failure on the
basis of local analysis of the interior of the composite. Such
an apprecach evidentliy encounters extrenme difficulties. Although
important work of fundamental rature has been done ir this area,
we shall not be concerned with it here since the work has not
advanced to the stage of prediction of failure criteria under
states of combined stress.

In the macro-approachk, a faiiure criterion is heuristically
pcstulated as scme function of pertinent state variables (gener-
ally average stresses) which also contains undetermined para-
meters. These parametcrs are then to be determined in terms of
experimentally accessidle informaticn.

We shall ir the present discussion limit ourselves to stactes
of plane stress. The simplest failure criterion is the so-called
maximum stress critericn which states <hat failure occurs when
either one of: stress in fiber directiocn, stress transverse to
fibers, shear stress, reaches its critical value, these cri-
tical values being the same whether or not the stresscs act

simultaneously. In symbols the criterion is:

~ -

or

(1)
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where 1 is fiber direction and 2 is the transverse Jirectiocn.
Generally, failure stresses U, and Jp are differecnt in

teasion and compression. This is known as Bauschinger effect.
mherc is eviden<ly ro Bauschingex effect for the shear stress.
The ~implest gereralization of (1} to account for Bauschinger

effect would be to assare as failure criterion:

" T A R

::.l = C;‘— if 1-1 < 0

gz =y Tp2 70 .
a0 % Tz “22 ° 0

5., = T all 3;2

whichever occurs first, where (+) and (-) superscrirts denote
failure stresses in tension and compression respectively. The
main drawback of these simple criteria is in that taey taxe
no accouat of intcraction effects.

The most commorly used criterion which takes intc account
interactior. is of cuadratic form. For plane stress it nas the
form
2 . 2

Ao, <. R - -
2 22 M Al_z‘lldzz*’ “A‘"12 = 1

e -

PRy
[

Here, products of shecar stress with ncrmal stress have been
cmitted since the material cannot distinguish Zetweern positive
and negative shear stress. Therefore, cdd powers {one, in tails
case) of shear stress cannot appear.

Applying (3) to failure for stress in fiber direction
alone, stress transverse to fiber directieon alone, shear stress
alone, ir turn, it is seen at once tnhatl
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34 T T2
A%

The cceificient AlZ is troublesone since 1ts
tion reguires a failure experiment under combined stress,
Several authors have proposed tc use failure experiment= .n
off-axis specimens under uriaxial stress for the determirnation
of AlZ' See e.g. {[i8] for cZiscussion.

The situation becomes morc compliicated if it is required
to take into account Bauschinger effect, that is differcnce of
failure stresses in tensicn and compression. One possibilicy
to account for this effect is to assume that All"Azz assume
different values for tensica anc compression., The situation
regarding AlZ’ hcwever, becomes very awkward as it would have
to assure four different values to account for four differxent
possibilities of sign combination in piaxial stressing

and
[

It i1s also possiblie to add linear terms =0 (3] in which

case it would assune the form:

£ ~ 2+‘ - 2 - - - - 3 z IS 3
11711 P27 T M7 T Rigt12 5]
Booyp t By, =l

Such a device was suggested by Boffman {1%]. In this case it
is possible to deterrmine values of All’ Bl' A22, B2 tc account
fer different ternsile and compressive uniaxial failure stresses
in fiber direction ani transversgse to it. But the difficulty of
assicning four different values to A12 renains, unfortunately.
In summary, the stacus of guadratic failure criteria has
to date not bcen finalized. However, special versions of such
criteria have bcern successfull - t _cea =0 experimental data.
Tt is of importance tc r.aii-c taat in the fiker rein-
forcec raterials used in practice failure predictions on the
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pasis of maximum stress criterion or guadratic failure cri-
terion are not very iifferent. This 1is die to the large
ratios between serength in fiber direction and transverse
and shear strengths and is easiest realized by considering

the failure criteria as surfaces in .., Tonr T2 stress
- <

space. The maxirur stress crizerion is a very elongated
rectangular paralleclcpiped while the guadratic failure cri-
tericn is an elligsoid. For A12=3, Fig. 25 shows this
schematically on a cut in the €y17 Ta9 plane. Thus it is
seen that stress points on the two failure surfaces are clcse
together for most parts of the surfaces.

The situation would be entirely different for a material
in which GA,

we shall rnow consider problem (b} i.e., the establishment
of laminate failure criteria in terms of laminae failure cri-

and 3, were of comparable ragnitudes.

teria. The most conservative laminate failure criterion is to
assume that once any lamina has failed the larminate has reached
its ultimate load. There are cases of laminates in which alil
laminae would fail simultaneously ané then this criterion would
be justified. For exarmple: a +8 laminate in which the extcr-
nal load direction bisects tha angle between the fibers.

in most cases, however, a certain grcup of laminae will
fail first and failure of remaining groups would require fur-
tner increase of load. Therefcre a morc realistic alternative
is to determine the load at which the first laminae group fails.
At this state, the further carrying capacity of +he lamrinate
may be assumed to be given py the remaining undaraged iaminae.
The increcase in load which fails another group of larinae is
then determined. This process is continued until failure of
all laminae has taken place.

€till another possibility is to assume that when a lamina
has failed, certain of its stiffnesses reduce to zero. For ex-
ample: suppose that a lamina or group of laminae has failed
in shear. Such a failure implies a crackx through tae lamina in
fiber direction. In that event, it is reascnable to assume

€5.



that the shear and transverse stiffnesses of the lamina are
zero, out 1t still retains its stiffness in fiber direction.
If, howecver, a larina fails because ¢f the stres. in fiper
directicn the damage i3 sc widespread that all of its stiif-
resses will ke negligible. According to the type of failures
encountered analysis 1s continued for the damaged laminate
with the new stiffrness rearrangenment. Tials pr-.cess is con-
tinued until failure of all laminae has taken -lace. This
method of aralysis seems to be the most realist.. but 1s
also the most complicated.

In almost all of the practical strencth analyses of
laminates in the literature, according to any of the methods
ouctlined above, the stresses used for failure criteria have
peen determined on the basis of elastic laminate analysis.
With the present irnelastic laminate analysis, more realistic

L))
’J
[
£
’.l'
Ly
(1]
ct
(v

stresses are available in a k«x ~t2r assessment o

failure loads.
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APPENDIX L

MSC-NOLIN COMPUTER PROGPAM

B

i. General Description of the Progran

This is a computer program develcped for the inelastic
analysis of a laminate sub’ect to any constant, arbitrary
combination of in-plane loading. Details of the method of
analysis and of the numerical socluticn, usir: the XNewton-
Raphson method, have been described in the body of this
report. The essential features of the prograr are summari-
zed below.

The primary capability of MSC-NOLIK is to compute lam~
inae properties when the laminate loads are defined. There
is also a limited capability toc worx with corstituent proper-
ties, rather than laninae properties, as the iagut. Details of
the input options ars discussed subseguently. Basically, the
inputs reguired are the stress-strain characteristics cf the
individual laminae for each of the three in-plane stress
components applied separately. The stress-strain curves for
transverse stress and for stress andé for axial shear stress
are defined by Ramberg-0Osgood stress-strain curves. The
parameters for these curves &lcng with the laminae elastic
constants are tne required material properiy inputs.

It has been observed that axial shear stresses in indivi-
dual laminae are a major, perhaps the major, source of non-
linearities in laminate response. Therefore, several acditional
options have been included in the MST-NOLIN to accomodate rorxe
detailed characterizatiorn of shear response. First, the lam-
inae shear stress-strain respgonse may be input in tabular
form and a least squares fit to the cata is automatically ob-
tained for the R-O yield stress (limited to the use of an
exponent, n=3). Secondly, the matrix shear stress-strain curve
can be inpat along with fiber elastic properties and the lamirae
shear stress-strair curve will be computed. In this latter case,

the laminae elastic constants are also computec.
€7.
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The input specifies one oI tWs Oplidns

(17
L

OFEAYMY roa -
el

c1on of the initial set of stresses to be used in the itera~

tion at eaca value of applied load on the laminate. Ir one

case the stresses found at one load are increased to the load

for which the stresses were evaluated. In the other, and
generally uscd cption, the increment between the initial stresses
ased at the nth larinate load value and the actual s:tresses

found for thc (n-1)st load valiuc Tears the same rolation tc the
ratio of taiosc two load valiues as the similar relation computed

at the previous load cycle, trat is,

(n) {n-1) {n=2; {n-2)
G.. =~ 0.. -

i3 i3 B i ij

F /F_ .,

n’ "n-l I:n‘-]./Fn--Z

the program contzins a number of controls to define: the
size and number of steps of loading at which computations are
made:; the maxinum runber of iterations to be permitted in the
numerical sclution; the desired accuracy to te cbtained ir
corvergence; the criteria for divergence of the sclution in
the iterative process to avoid the use of unnecessary execu-
tion time in the case of breakdown cf the soluticn nrocedure.
The proygram defines the failure of the laminate in a limited
fashion, either on the basis of the maximum allowable stress
in the fiper in tension or compressioa, or on the basis that
the tangent mocdulus cf the stress-strain curve of the lanrminate
becomes less than a specified value. Failure due tc srear or
transverse stress are not included at this stage in the Zevelop-

ment of tae program.

2. 1Input

The main features of input in this program are the follow-
ing:

{a) Specify tae number of laminates or problems tO be

solved;
68.




:b) Define the geometrical proper+ties of cach layer:
ic) Define either the material properties of each layer
or the properties of its constituents;
{d} Define either of the fcllowing for each layer:
(i) yield stress in transverse direction and yleld
stress in snhear;

{ii) yield stress in transverse direction arnd 3 table
of values defining shear stress~s<train curve for
the matrix plus a set of values of stresses to
be used for the computation of yield stress in
shear:

(e) Specify the type of Ramberg-Osgood relatiorn to be used;
(f) Define the loadings; ana
{(¢) Define the control paramezers.

A guide to the preparaticn of inrut data for this orogram
4 belcw.

1s giwven in seciicn

3. Details of Output
The output can be divided zasically into two steps:

(a} Output of Input Data:
The first section of the output deals with the cutput
of the input data. If the input is in the form of
properties of constitucnts of the layer, it gives
an output of the properties cf the constituents {irst
and then the computsld value of the properties of the
layer; othervwise, it gives output directly the prcp-
erties of the layer.
{b) Output of Stresses an2 Stra
For each set of loadiny, the computer prints the
following:
(1) value of the locad applied;
(2) number of iterations for convergernce;
{3) stresses for individual laminae with respect
to principal elastic axes of the lamirae; and
(4) strains for individuval iaminae in terms of both
laminae and laminate axes. 69.




4. Input Details for MSC-NOLIN

(1}

i2)

(4)

70.

WEETS: numder of problems

Recad (I5) LAY

AY: nunver of lavers in this laminate analygsis

Read {(I%) IN?

IxF: Option for reading in naterial propertiss

INP = 1: read in material properties of individual
iaminae;

INP = 2; compute properties of laminae frow tac
properties of constituents.

(a} I£ INP = 2
(i) Read {5D15.5) E11'522'L12'”21
(ii) Read (5215.5) G12' sy, 7Y
(iii) Read ¢D15.5,I53) T, IANG
(b) if INP = 2
{i; Reacé (4015.5) EF, MUF, GF, vEF

v pe -~

‘(1i} Read (3D15.5) EM, MLN, 5.

1f I 2 = 2; read in SY and TY
(i3 asd !2D13.5) S8Y, 7Y

bt

If 2 =1: TY is to be comgputed

i} Read (5,1002) sYCE

(ii) Read ; 2 1 5) NUMT
NUMT = numoer of values in the talle

{iii} Read (5D15.5) TAL (J), J=1, NUMT
(Table of shear stress values of
matrix read in)

{iv) Read (5215.5) GAM (J}.,J=1i, N.AT
{Table of shear strain values of
matrix read in} }

{v) Read (5D15.5} SGl2 (J3}, J=2,11 !
{Table of shear stress values of
laminae read in)




(5) Read (5D15.5) XN, XM

XN: exponent in noanlinear transverse stress-
strain law;

XM: exponent in nonlinear shear stress-strain
law,

{(6) Read (5D15.5) SO1l, s0Oz2, SOl2

SOll: applied stress in X-direction
8022: applied stress in Y-direction
S0l2: shear stress in XY

{7) Read (I5, D15.5) XSGM, SMLT
KSGM: total number of loading increments

SMLT: ratio of load increment tc the initial
load.

{8) Read (D015.5) STIFF

TIFF: tangent moduius of stress-strain curve
in terms of the laminate axes; specify
a value of STIFF belcow which the program
will not run.

Read (p15.5) SGR

SGR: maximum allowable stress in the fiber in
tension or compression

{(3) Read (I 5, 2D15.5) 1T, EPS, UPBD

IT: maxirum number of iteration permitted in
Newton-Raphson analysis

EPS: convergence criteria; (ratic of values of
two successive iterations shsuld be less
than EPS)

UPBD: divergence criteria {solution will stop

if ratio of two successive iterations is
greater than 10112)

{10) Read/I5) INMT

If INMT = 1, the program uses ratio of previous
two solutions as the initial guess
value iteraticn process;

If INMT = 2, the program useS extrapolated value

of previous two solutions proportioned
on the basis of stress ratio as tihc
initial guess.

7ll
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Fig. 26 - Composite Cyiinder Assemblage
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NATIONAL AERONAUTICS AND SPACE ADMINISTRATION:
WASHINGTON, D.C. 20548

OFFICIAL BUSINESS
PENALTY POR PRIVATE USE $300

SPECIAL “FOURTH-CLASS: RALE !
BOOK "

POSTHGE AND rdus PAID:
NATIONAL AKROGHAUTICS AND
SPACE ADWMINISTRATION

12 Undeliverable (Sectina 158

POBTMASTER - Poeta! Mannai) D Not Return

“The aeroncutica and space activisse: of the Unired Siases shall be
... 10 the expansion uf buman knowl-
edge of phenomena in the atmosphere and space. The Adminissraiion
shal! prozide for the uide«s practicable and appropriate dissemination
of informarion concerning ity activities and the rvesuli theveof.”
—NATIONAL AERONAUTICS AND SPACE ACT 0f 1958

conducted so as to contripuie

NASA SCIENTIFIC AND TECHNICAL PUBLICATIONS

TECHNICAL REPORTS: Scienzific and
technical information considered important,
complete. and a lasting contribution to existing
knowledge.

TECHNICAL NOTES: Information less broad
in scope bur nevercheless of imporrance as a
contribution to existing knowledge.

TECHNICAL MEMORANDUMS:
Informarion receiving limired distribution
because of preliminary data, security classifics-
tion, or ocher reasons. Also includes conference
proceedings with cither limited or unlimiced
distribution.

CONTRACTOR REPORTS: Scientific and
technical information generated under 2 NASA
contract or grant and considered an important
contribution ta existing knowledge.

TECHNICAL TRANSLATIONS: Informarion
published 1n a foreiyn language considered
to merit NASA dis.ribution in English.

SPECIAL PUBL.CATIONS: Informarion
derived from or of value :0 NASA acrivities.
Publications in JJude final repotts of major
projects, moncgraphs, data compilations,
handbooks, soarcebooks, and special
bibliographies.

TECHNOLOGY UTILIZATION
PUBLICATIONS: Informacion on technology
used by NASA that may be of particular
interest in commercial and other non-aerospace
apolications. Publications include Tech Briefs,
Tecrnology Utilization Reports and
Technotogy Surveys.

Details on the availability of these publications may be obtoined from:

SCIENTIFIC AND TECHNICAL INFORMATION OFFICE

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION
Washington, D.C. 20546
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